In this study, the simplex whose vertices are barycenters of the given simplex facets plays an essential role. The article provides an extension of the Hermite-Hadamard inequality from the simplex barycenter to any point of the inscribed simplex except its vertices. A two-sided refinement of the generalized inequality is obtained in completion of this work.
Introduction
A concise approach to the concept of affinity and convexity is as follows. Let X be a linear space over the field R. Let P  , . . . , P m ∈ X be points, and let λ  , . . . , λ m ∈ R be coefficients. A linear combination is affine if m j= λ j = . An affine combination is convex if all coefficients λ j are nonnegative. Let S ⊆ X be a set. The set containing all affine combinations of points of S is called the affine hull of the set S, and it is denoted with aff S. A set S is affine if S = aff S. Using the adjective convex instead of affine, and the prefix conv instead of aff, we obtain the characterization of the convex set.
A convex function f : conv S → R satisfies the Jensen inequality
for all convex combinations of points P j ∈ S. An affine function f : aff S → R satisfies the equality in equation () for all affine combinations of points P j ∈ S.
Throughout the paper, we use the n-dimensional space X = R n over the field R.
Convex functions on the simplex
The section is a review of the known results on the Hermite-Hadamard inequality for simplices, and it refers to its generic background. The main notification is concentrated in Lemma ., which is also the generalization of the Hermite-Hadamard inequality.
Let A  , . . . , A n+ ∈ R n be points so that the points A  -A n+ , . . . , A n -A n+ are linearly independent. The convex hull of the points A i written in the form of A  · · · A n+ is called the n-simplex in R n , and the points A i are called the vertices. So, we use the denotation
The convex hull of n vertices is called the facet or (n -)-face of the given n-simplex. The analytic presentation of points of an n-simplex A = A  · · · A n+ in R n arises from the n-volume by means of the Lebesgue measure or the Riemann integral. We will use the abbreviation vol instead of vol n . Let A ∈ A be a point, and let A i be the convex hull of the set containing the point A and vertices A j for j = i, formally as
The point A can be uniquely represented as the convex combination of the vertices A i by means of
where we have the coefficients
If the point A belongs to the interior of the n-simplex A, then all sets A i are n-simplices, and consequently all coefficients α i are positive. Furthermore, the reverse implications are valid.
If μ is a positive measure on R n , and if S ⊆ R n is a measurable set such that μ(S) > , then the integral mean point
is called the μ-barycenter of the set S. In the above integrals, points x ∈ S are used as x = (x  , . . . , x n ). The μ-barycenter S belongs to the convex hull of S. When we use the Lebesgue measure, we say just barycenter. If S is closed and convex, then a μ-integrable continuous convex function f : S → R satisfies the inequality
as a special case of Jensen's inequality for multivariate convex functions; see the excellent McShane paper in [] . If f is affine, then the equality is valid in ().
We consider a convex function f defined on the n-simplex A = A  · · · A n+ . The following lemma presents a basic inequality for a convex function on the simplex, and it refers to the connection of the simplex barycenter with simplex vertices. 
Then each convex function f : A → R satisfies the double inequality
Proof We have three cases depending on the position of the μ-barycenter A within the simplex A.
If A is an interior point of A, then we take a supporting hyperplane x n+ = h  (x) at the graph point (A, f (A)), and the secant hyperplane x n+ = h  (x) passing through the graph points (A  , f (A  )), . . . , (A n+ , f (A n+ )). Using the affinity of the functions h  and h  , we get
formula () works for the interior point A.
If A is a relative interior point of a certain k-face where  ≤ k ≤ n -, then we can apply the previous procedure to the respective k-simplex. For example, if A  · · · A k+ is the observed k-face, then the coefficients α  , . . . , α k+ are positive, and the coefficients α k+ , . . . , α n+ are equal to zero.
If A is a simplex vertex, suppose that A = A  , then the trivial inequality
More generally, if the μ-barycenter A lies in the interior of A, the inequality in formula () holds for all μ-integrable functions f : A → R that admit a supporting hyperplane at A, and satisfy the supporting-secant hyperplane inequality
for every point x of the simplex A. By applying the Lebesgue measure or the Riemann integral in Lemma ., the condition in () gives the barycenter
and its use in formula () implies the Hermite-Hadamard inequality
The above inequality was introduced by Neuman in [] . An approach to this inequality can be found in [] . The discrete version of Lemma . contributes to the Jensen inequality on the simplex. 
Corollary . Let
Proof The discrete measure μ concentrated at the points P j by the rule
can be utilized in Lemma . to obtain the discrete inequality in formula (). 
Main results
Throughout the section, we will use an n-simplex A = A  · · · A n+ in the space R n , and its two n-subsimplices which will be denoted with B and C. Let B i stand for the barycenter of the facet of A not containing the vertex A i by Proof The first statement, relating to the simplex B, will be covered as usual by proving two directions.
Let us assume that the coefficients α i satisfy the limitations α i ≤ /n. Then the coefficients
are nonnegative, and their sum is equal to . Since β i = - The second statement, relating to the non-peaked simplex B , follows from the first statement and the convex combinations in formula () which uniquely represent the facet barycenters B i .
We need another subsimplex of A. Let A be a point belonging to the interior of A. In this case, the sets A i defined by formula () are n-simplices. Let C i stand for the barycenter of the simplex A i by means of
and let C = C  · · · C n+ be the n-simplex of the vertices C i . The proof of the reverse implication goes exactly in the same way as in the proof of Lemma ..
Lemma . Let
Each simplex C is homothetic to the simplex B. Namely, combining equations () and (), we can represent each vertex C i by the convex combination
Then it follows that
and using free vectors, we have the equality -- 
The point A used in the previous corollary lies in the interior of the simplex A because the coefficients α i are positive. In that case, the sets A i are n-simplices, and they will be used in the main theorem that follows. 
Theorem . Let
A = A  · · · A n+ be an n-simplex in R n , let A =
Then each convex function f : A → R satisfies the double inequality
Proof Using the convex combinations equality n+ i= α i A i = n+ i= β i C i , and applying the Jensen inequality to f (
Summing the products of the Hermite-Hadamard inequalities for the function f on the simplices A i and the coefficients β i , it follows that
Repeating the procedure which was used for the derivation of formula (), we obtain the series of equalities
Finally, applying the Jensen inequality to f ( n+ i= α i A i ), we get the last inequality
Bringing together all of the above, we obtain the multiple inequality
of which the most important part is the double inequality in formula ().
The inequality in formula () is a generalization and refinement of the HermiteHadamard inequality. Taking the coefficients α i = /(n + ), in which case β i = /(n + ), we realize the five terms inequality
where the second and fourth terms refine the Hermite-Hadamard inequality. The third term is generated from all of n +  simplices A i . In the present case, these simplices have the same volume equal to vol(A)/(n + ). 
Generalization to the function barycenter
If μ is a positive measure on R n , if S ⊆ R n is a measurable set, and if g : S → R is a nonnegative integrable function such that S g(x) dμ(x) > , then the integral mean point
can be called the μ-barycenter of the function g. It is about the following measure. Introducing the measure ν as
we get
Thus the μ-barycenter of the function g coincides with the ν-barycenter of its domain S. So, the barycenter S belongs to the convex hull of the set S. By using the unit function g(x) =  in formula (), it is reduced to formula (). Utilizing the function barycenter instead of the set barycenter, we have the following reformulation of Lemma .. 
The proof of Lemma . can be employed as the proof of Lemma . by using the measure ν in formula () or by utilizing the affinity of the hyperplanes h  and h  in the form of the equalities
Lemma . is an extension of the Fejér inequality (see [] ) to multivariable convex functions. As regards univariable convex functions, using the Lebesgue measure on R and a closed interval as -simplex in Lemma ., we get the following generalization of the Fejér inequality. 
